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� , QWU RGXFWLRQ

2QH JRDO RI LQWHUQDO GRVLPHWU\ LV WKH GHWHUPLQDWLRQ RI LQWDNHV RI UDGLRDFWLYH
PDWHULDOV LQWR WKH ERG\ IURP OLPLWHG ELRDVVD\ GDWD� 7KHVH GDWD LQGLFDWH WKH
DPRXQW H[FUHWHG IURP WKH ERG\� IRU H[DPSOH� LQ XULQH� *LYHQ DJUHHG�XSRQ�
IRUZDUG� ELRNLQHWLF PRGHOV WKDW VXPPDUL]H RXU VFLHQWLpF XQGHUVWDQGLQJ RI KRZ
WKH PDWHULDO SDVVHV WKURXJK WKH ERG\ DQG LPSDUWV GRVH �H� J� ,&53 SXEOLFDWLRQV
��� ��� DQG ���>��@>��@>��@� WKHUH UHPDLQV D IRUPLGDEOH LQYHUVH PDWKHPDWLFDO
SUREOHP� JLYHQ WKH DPRXQW H[FUHWHG LQ XULQH DV D IXQFWLRQ RI WLPH� GHWHUPLQH
WKH WLPHV� DPRXQWV� DQG W\SHV RI LQWDNHV� LQFOXGLQJ HVWLPDWHV RI XQFHUWDLQWLHV�
7KLV JHQHULF W\SH RI OLQHDU� XQGHUGHWHUPLQHG� LQYHUVH SUREOHP ZLWK D SRVLWLYLW\
FRQVWUDLQW LV ZHOO VXLWHG WR D %D\HVLDQ DSSURDFK�
7KH FDXVDO FKDUDFWHU RI WKH ELRNLQHWLF UHVSRQVH �H[FUHWLRQ IROORZV LQWDNH� DO�

ORZV VLPSOH XQIROGLQJ WHFKQLTXHV� ZKLFK KDYH EHHQ XVHG H[FOXVLYHO\ LQ WKH SDVW
�VHH /DZUHQFH� ����� DQG :DUG DQG (FNHUPDQ� ������>��� ��@ 6LQFH H[FUHWLRQ
IROORZV LQWDNH LQ WLPH� LQWDNHV LQ D JLYHQ VDPSOLQJ LQWHUYDO DoHFW RQO\ VXEVH�
TXHQW XULQH H[FUHWLRQ DPRXQWV DQG QRW XULQH H[FUHWLRQ DPRXQWV SUHFHGLQJ WKH
LQWDNH� 7KXV� DVVXPLQJ DQ LQLWLDO EDVHOLQH ELRDVVD\ VDPSOH DQG QR SUHFHGLQJ
ZRUN KLVWRU\ DURXQG WKH PDWHULDO� WKH VHFRQG XULQH GDWD YDOXH FDQ EH XVHG WR
GHWHUPLQH D SRVVLEOH LQWDNH LQ WKH pUVW ELRDVVD\ VDPSOLQJ LQWHUYDO �EHWZHHQ WKH
pUVW DQG VHFRQG VDPSOHV�� &DOFXODWHG H[FUHWLRQ UHVXOWLQJ IURP WKLV LQWDNH LV
VXEWUDFWHG IURP VXEVHTXHQW GDWD YDOXHV WR GHWHUPLQH SRVVLEOH VXEVHTXHQW LQ�
WDNHV� 7KHVH DSSURDFKHV VXoHU WKH FULWLFLVP WKDW WKH VWDWLVWLFDO VLJQLpFDQFH RI
FDOFXODWHG LQWDNH DPRXQWV KDV QRW EHHQ FDOFXODWHG� 7KH TXHVWLRQ RI ZKHWKHU
D FDOFXODWHG LQWDNH LV UHDO RU VWDWLVWLFDOO\ VLJQLpFDQW KDV QRW EHHQ DGGUHVVHG�
H[FHSW WKDW QHJDWLYH FDOFXODWHG LQWDNHV DUH XVXDOO\ DVVXPHG WR EH QRW UHDO �WKH
OLQHDU XQIROGLQJ WHFKQLTXHV XVHG VR IDU DOORZ QHJDWLYH LQWDNHV�� ,Q WKLV SDSHU ZH
SURSRVH D %D\HVLDQ YHUVLRQ RI D GDWD XQIROGLQJ DOJRULWKP�
2QH RI WKH SUREOHPV RI LQWHUQDO GRVLPHWU\ LV WR VHOHFW SDUDPHWHUV RI WKH ELRNL�

QHWLF PRGHO �VSHFLI\LQJ WKH LQWDNH W\SH� WKDW ?EHVW GHVFULEH� WKH GDWD� JLYHQ DQ
DJUHHG�XSRQ PRGHO� 7KLV LV HTXLYDOHQW WR FKRRVLQJ WKH ?EHVW pW� PRGHO IURP D
VHW RI PRGHOV FDOFXODWHG XVLQJ GLoHUHQW SDUDPHWHU YDOXHV� 2XU PHWKRGV LQFRU�
SRUDWH WKH PRGHOV DV ODUJH� LQWHUSRODWHG WDEOHV RI H[FUHWLRQV DQG RUJDQ GRVHV
YHUVXV WLPH IRU XQLW LQWDNH� DQ\ VHW RI OLQHDU PRGHOV PD\ EH XVHG DV ORQJ DV
WKH\ DGHTXDWHO\ GHVFULEH WKH SRVVLEOH SDWWHUQV RI H[FUHWLRQ �E\ WKH SULQFLSOH
RI 2FFDP
V UD]RU� RQH ZRXOG FKRRVH WKH VLPSOHVW VXFK VHW RI PRGHOV WKDW DUH
RWKHUZLVH VDWLVIDFWRU\�� ,Q JHQHUDO� WKHUH ZLOO EH D VHW RI DYDLODEOH ELRNLQHWLF
PRGHOV GLVWLQJXLVKHG E\ YDULRXV SDUDPHWHU FKRLFHV �IRU H[DPSOH� SDUWLFOH VROX�
ELOLW\ LQ OXQJ qXLGV DQG SDUWLFOH VL]H� ZKLFK GHWHUPLQHV WKH GHSRVLWLRQ SDWWHUQ
LQ WKH OXQJ� DV ZHOO DV VHOHFWLQJ TXDOLWDWLYHO\ GLoHUHQW PRGHOV �VXFK DV WKH ���3X
WLPH�YDU\LQJ VROXELOLW\ PRGHO GLVFXVVHG LQ $SSHQGL[ $�� )RU RXU FXUUHQW FDOFX�
ODWLRQV IRU RFFXSDWLRQDO SOXWRQLXP H[SRVXUH� ZH XVH D VHW RI PRGHOV EDVHG RQ
,&53 SXEOLFDWLRQ ��>��@ VLQFH WKLV LV FXUUHQWO\ WKH EDVLV RI 8QLWHG 6WDWHV 'H�
SDUWPHQW RI (QHUJ\ UHJXODWLRQV� )RU ���3X LQKDODWLRQ LQWDNHV� ZH XVH � PRGHOV
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FRUUHVSRQGLQJ WR � DVVXPHG LQWDNH W\SHV� FODVV < DQG FODVV : ZLWK SDUWLFOH VL]H
��� ��� DQG � zP $0$' �D PRUH GHWDLOHG GLVFXVVLRQ RI WKH ELRNLQHWLF PRGHOV
ZH XVH IRU SOXWRQLXP LV JLYHQ LQ WKH $SSHQGL[ $�� 'HIDXOW UHFRPPHQGDWLRQV DUH
JHQHUDOO\ JLYHQ� IRU H[DPSOH� IRU SOXWRQLXP WKH ,&53 UHFRPPHQGV WKDW FODVV
<� ��� zP $0$' EH FKRVHQ LQ OLHX RI RWKHU LQIRUPDWLRQ� )RU WKH VDPH XULQH
H[FUHWLRQ� WKH FKRLFH RI PRGHO FDQ KDYH D ODUJH HoHFW RQ WKH FDOFXODWHG GRVH �IRU
SOXWRQLXP ZLWK D JLYHQ XULQH H[FUHWLRQ� WKH DVVXPSWLRQ RI FODVV : GHFUHDVHV WKH
GRVH E\ DERXW DQ RUGHU RI PDJQLWXGH UHODWLYH WR FODVV <�� 7KH LQWHUQDO GRVLPHWU\
DOJRULWKP QHHGV WR WDNH LQWR DFFRXQW WKDW GLoHUHQW PRGHOV DUH DYDLODEOH ZLWK
VRPH EHLQJ SUHIHUUHG� $OVR� WKH FDOFXODWHG XQFHUWDLQWLHV QHHG WR UHqHFW WKLV IDFW�
,Q D SUHYLRXV SDSHU �0LOOHU DQG ,QNUHW� ������>��@ ZH DSSOLHG D ZHOO�NQRZQ

PHWKRG LQ WKH pHOG RI UDGLR�DVWURQRP\ LPDJH UHFRQVWUXFWLRQ� WKH PD[LPXP HQ�
WURS\ PHWKRG �VHH 6NLOOLQJ� ������>��@ WR LQWHUQDO GRVLPHWU\� 8VLQJ WKH PD[LPXP
HQWURS\ PHWKRG� LQWDNHV DUH QHFHVVDULO\ SRVLWLYH DQG ZH DUH DEOH WR FDOFXODWH WKH
VWDWLVWLFDO XQFHUWDLQW\ RI LQWDNHV� +RZHYHU� WKH FDOFXODWHG LQWDNH VFHQDULRV WHQG
WR DVVLJQ WRR PDQ\ LQWDNHV WR DJUHH ZLWK RXU RYHUDOO XQGHUVWDQGLQJ DQG H[SHUL�
HQFH RI KRZ IUHTXHQWO\ DFXWH LQWDNHV RI WKLV PDJQLWXGH RFFXU�
7KH SUREOHP ZLWK WKH PD[LPXP HQWURS\ PHWKRG LV WKH HQWURS\ IRUP RI

WKH SULRU SUREDELOLW\ GLVWULEXWLRQ� 7KH HQWURS\ GLVWULEXWLRQ LV DSSUR[LPDWHO\
H[SRQHQWLDO LQ WKH SDUDPHWHU UDQJH RI LQWHUHVW DQG KDV D p[HG YDOXH RI WKH
UDWLR RI VWDQGDUG GHYLDWLRQ WR PHDQ� 7R UHSUHVHQW WKH SUREDELOLW\ GLVWULEXWLRQ
RI UDGLRQXFOLGH LQWDNHV LQWR WKH ERG\ XQGHU W\SLFDO FRQGLWLRQV� WKH GLVWULEXWLRQ
QHHGV WR KDYH D r�IXQFWLRQ FRPSRQHQW UHSUHVHQWLQJ ?QR LQWDNH�� 'LVWULEXWLRQV RI
WKLV IRUP FDQ KDYH DQ DUELWUDULO\ ODUJH YDOXH RI WKH UDWLR RI VWDQGDUG GHYLDWLRQ WR
PHDQ� XQOLNH WKH HQWURS\ GLVWULEXWLRQ� DQG WKH\ FDQ EH XVHG DV SULRU SUREDELOLW\
GLVWULEXWLRQV WR VHOI FRQVLVWHQWO\ PRGHO VLWXDWLRQV ZKHUH WKH REVHUYHG IUHTXHQF\
RI LQWDNHV �SRSXODWLRQ DYHUDJH� LV VPDOO�

� % D\HVLDQ )RU PXODWLRQ RI WKH , QWHU QDO 'RVLPH�

WU \ 3 U REOHP

7KH FXUUHQW DSSURDFK WR LQWHUQDO GRVLPHWU\ LV WR LQWHUSUHW ELRDVVD\ PHDVXUH�
PHQWV LQ WHUPV RI UDGLRQXFOLGH LQWDNH DPRXQWV� /HW [L IRU L  � WR 1 GHQRWH
WKH DPRXQW RI LQWDNH WKDW RFFXUUHG GXULQJ WLPH LQWHUYDO L� ZKHUH 1 LV WKH WRWDO
QXPEHU RI WLPH LQWHUYDOV� )RU H[DPSOH� LQ SOXWRQLXP LQWHUQDO GRVLPHWU\ [L LV
WKH DFWLYLW\ RI SOXWRQLXP WDNHQ LQWR WKH ERG\ RQ WKH LWK GD\ E\ LQKDODWLRQ RU
YLD D FRQWDPLQDWHG ZRXQG�
7KH ELRDVVD\ GDWD DUH GHQRWHG E\ \M IRU M  � WR 0� ZLWK XQFHUWDLQW\

HVWLPDWHV �VWDQGDUG GHYLDWLRQV� �M � 7KH QXPEHU RI SRVVLEOH LQWDNHV 1 H[FHHGV
WKH QXPEHU RI GDWD SRLQWV 0 � XVXDOO\ E\ D ODUJH IDFWRU�
7KH ELRNLQHWLF UHVSRQVH LV DVVXPHG WR EH RQH RI D NQRZQ pQLWH VHW RI OLQHDU

IXQFWLRQV �WKH ELRNLQHWLF UHVSRQVH LQ WKLV FDVH LV WKH IUDFWLRQ RI LQWDNH H[FUHWHG
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LQ XULQH DV D IXQFWLRQ RI WLPH� RI WKH IRUP
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ZKHUH O GHQRWHV D SDUWLFXODU LQWDNH W\SH� (TXDWLRQ � JLYHV WKH SUHGLFWHG ELRDVVD\

UHVXOW DW WLPH M JLYHQ LQWDNHV [L� ZKHUH X
�O�
LM LV WKH O

WK ELRNLQHWLF UHVSRQVH IXQFWLRQ
DW WLPH M IRU XQLW LQWDNH DW WLPH L�
7KH ELRDVVD\ GDWD XQFHUWDLQW\ �M LV LQ IDFW D IXQFWLRQ RI WKH SUHGLFWHG ELRDV�

VD\ UHVXOW I
�O�
M � )RU H[DPSOH� SDUW RI WKH XQFHUWDLQW\ PD\ FRPH IURP ELRORJLFDO

YDULDELOLW\ RI WKH XULQH H[FUHWLRQ SURFHVV� ZKLFK LV SURSRUWLRQDO WR KRZ PXFK LV
EHLQJ H[FUHWHG�
2XU GHVLUH LV WR GHWHUPLQH WKH ?EHVW pW� YDOXHV RI I[LJ DQG O JLYHQ I\MJ �UHDG

I[LJ DV ?WKH VHW RI [L IRU DOO L��� 7KH PHWKRG GHVFULEHG KHUH LV WR GHpQH ?EHVW
pW� DV WKH H[SHFWDWLRQ YDOXH RI WKH %D\HVLDQ SRVWHULRU SUREDELOLW\ GLVWULEXWLRQ�
JLYHQ WKH GDWD DQG D SULRU SUREDELOLW\ GLVWULEXWLRQ �IRU D JRRG UHIHUHQFH RQ
%D\HVLDQ PHWKRGV VHH 5HI� >�@��
7KH SULRU SUREDELOLW\ GLVWULEXWLRQ RI I[LJ DQG O LV GHQRWHG E\ 3 �I[LJ� O�� :H

DVVXPH WKDW WKH SULRU SUREDELOLW\ RI O LV LQGHSHQGHQW RI WLPH DQG WKDW LQWDNHV
RFFXULQJ DW GLoHUHQW WLPHV DUH LQGHSHQGHQW DQG KDYH DQ HTXDO SUREDELOLW\ RI
RFFXUUHQFH� VR WKDW
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3 �[LMO�� ���

ZKHUH
4
GHQRWHV WKH SURGXFW� 7KH TXDQWLW\ 3 �[LMO� LV WKH FRQGLWLRQDO SURED�

ELOLW\ RI [L JLYHQ LQWDNH W\SH O �WKH YHUWLFDO EDU LV UHDG DV ?JLYHQ��� 6LQFH LW
UHSUHVHQWV WKH SUREDELOLW\ GHQVLW\ IXQFWLRQ RI D FRQWLQXRXV YDULDEOH [L� LW QHHGV
WR EH PXOWLSOLHG E\ G[L WR REWDLQ WKH SUREDELOLW\ WKDW [L LV LQ LQWHUYDO G[L �WKLV
LV RXU QRWDWLRQDO FRQYHQWLRQ IRU FRQWLQXRXV YDULDEOHV�� $OVR� 3 �O� UHSUHVHQWV WKH
SULRU SUREDELOLW\ RI LQWDNH W\SH O� ,W LV FRQYHQLHQW WR GHpQH WKH FRQGLWLRQDO SULRU
SUREDELOLW\ PHDVXUH : G; DV

: G; u
<
L

3 �[LMO�G[L� ���

$VVXPLQJ LQGHSHQGHQW *DXVVLDQ PHDVXUHPHQW XQFHUWDLQWLHV� WKH SUREDELOLW\
GLVWULEXWLRQ RI PHDVXUHPHQWV I\MJ JLYHQ LQWDNHV I[LJ DQG LQWDNH W\SH O� RIWHQ
UHIHUUHG WR DV WKH OLNHOLKRRG IXQFWLRQ� LV JLYHQ E\
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)URP %D\HV
 WKHRUHP� WKH SRVWHULRU SUREDELOLW\ GLVWULEXWLRQ RI LQWDNHV I[LJ
DQG LQWDNH W\SH O JLYHQ GDWD I\MJ� LV JLYHQ E\

3 �I[LJ� OMI\MJ� � 3 �I\MJMI[LJ� O�3 �I[LJ� O�
� 3 �O�): G;� ���

)RU DQ\ IXQFWLRQ J RI I[LJ DQG O� WKH H[SHFWHG YDOXH RI J RYHU WKH %D\HVLDQ
SRVWHULRU GLVWULEXWLRQ LV WKHUHIRUH
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� 6FDOLQJ :LWK WKH , QWDNH 7 LPH , QWHU YDO

/HW WKH WRWDO WLPH LQWHUYDO IRU SRVVLEOH LQWDNHV EH GHQRWHG E\ 7 � 7KH WLPH
LQWHUYDO 7 KDV EHHQ GLYLGHG LQWR 1 HTXDO VXELQWHUYDOV RI VL]H cW u 7 1 � ZKHUH
LQWDNHV [L PD\ KDYH RFFXUUHG� IRU L  �� 1� 7KH WLPH VFDOH IRU VSHFLI\LQJ LQWDNHV
GHSHQGV RQ WKH ELRNLQHWLF UHVSRQVH �WKH XULQH H[FUHWLRQ SDWWHUQ IROORZLQJ DQ
LQWDNH RI XQLW DPRXQW�� ,QWDNHV QHHG WR EH VSHFLpHG RQ WKH WLPH VFDOH RI WKH
PRVW UDSLG ELRNLQHWLF UHVSRQVH� KRZHYHU� VLQFH XULQH FROOHFWLRQ LV D GLVFUHWH
SURFHVV WKDW LV UHDVRQDEO\ DYHUDJHG RYHU D GD\� cW LV RIWHQ WDNHQ DV RQH GD\�
)URP D PDWKHPDWLFDO VWDQGSRLQW LW LV LQWHUHVWLQJ WR LPDJLQH WKDW XULQH H[�

FUHWLRQ LV D FRQWLQXRXV SURFHVV� DQG FRQVLGHU WKH OLPLW cW � �� ,Q WKLV OLPLW�
WKH SULRU SUREDELOLW\ RI DQ LQWDNH ZLWK DPRXQW LQ WKH UDQJH G[L RFFXUULQJ LQ WKH
LWK WLPH LQWHUYDO cW� LV

Z�[L�cWG[L� ���

IRU [L ! �� ZKHUH Z�[L� LV D SRVLWLYH IXQFWLRQ JLYLQJ WKH LQWDNH SUREDELOLW\ SHU
XQLW WLPH �IRU QRWDWLRQDO VLPSOLFLW\ WKH GHSHQGHQFH RI Z RQ LQWDNH W\SH O KDV
QRW EHHQ H[SOLFLWO\ VKRZQ�� 7KH LPSRUWDQW VFDOLQJ UHODWLRQ LV WKDW WKH LQWDNH
SUREDELOLW\ DSSURDFKHV ]HUR DV WKH WLPH LQWHUYDO JRHV WR ]HUR� 7KLV PHDQV WKDW
WKH QRUPDOL]HG SULRU SUREDELOLW\ GLVWULEXWLRQ IXQFWLRQ LV RI WKH IRUP
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I>r�[L���b ycW� � Z�[L�cW@ G[LJ � ����

ZKHUH WKH GHOWD IXQFWLRQ r�[L� UHSUHVHQWV WKH SUREDELOLW\ RI QR LQWDNH LQ WKH WLPH
LQWHUYDO cW �WKH GHOWD IXQFWLRQ FDQ EH WKRXJKW RI DV WKH OLPLW RI IXQFWLRQV WKDW
DUH QRQ]HUR RQO\ LQ D VPDOO UHJLRQ DURXQG � DQG VXFK WKDW

5
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VL]H RI WKH UHJLRQ DSSURDFKHV ]HUR� DQG
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(TXDWLRQ �� FDQ EH LQWHUSUHWHG DV D SURGXFW RI PL[WXUH GLVWULEXWLRQV LQ ZKLFK�
IRU WKH LWK WLPH LQWHUYDO RI OHQJWK cW� WKHUH HLWKHU LV QR LQWDNH RI DQ\ SRVLWLYH
DPRXQW [L ZLWK SUREDELOLW\ �b ycW RU WKHUH LV DQ LQWDNH RI SRVLWLYH DPRXQW [L
KDYLQJ FRQGLWLRQDO SUREDELOLW\ Z�[L� G[L y ZLWK SUREDELOLW\ ycW� $OVR� cW LV
DVVXPHG WR EH VXrFLHQWO\ VPDOO VXFK WKDW WKH SUREDELOLW\ RI WZR RU PRUH LQWDNHV
LQ cW �RI RUGHU cW�� FDQ EH LJQRUHG� 7KH SUREDELOLW\ LV FRUUHFWO\ QRUPDOL]HG
EHFDXVH = �

�

>r�[L���b ycW� �Z�[L�cW@G[L  �� ����

� 3 RLVVRQ 6XP 5HSU HVHQWDWLRQ

(TXDWLRQ �� FDQ EH DOJHEUDLFDOO\ UHGXFHG WR D VXP RI WHUPV UHSUHVHQWLQJ GLoHUHQW
QXPEHUV RI LQWDNHV� 7KH pUVW WKUHH WHUPV UHSUHVHQWLQJ �� �� DQG � LQWDNHV DUH
DV IROORZV�
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,Q WKH WHUP UHSUHVHQWLQJ � LQWDNHV� WKH IDFWRU 1�1 b �� � KDV WKH � LQ WKH
GHQRPLQDWRU EHFDXVH RI WKH �� �� IDFWRULDO� GLoHUHQW SRVVLEOH RUGHULQJV RI WKH �
WLPH LQWHUYDOV L DQG L��
%\ LQVSHFWLRQ RI (T� ��� WKH JHQHUDO ELQRPLDO WHUP UHSUHVHQWLQJ Q LQWDNHV

KDV WKH FRHrFLHQW
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1RZ� DSSUR[LPDWLQJ IRU Q �� 1 �L� H�� WKH QXPEHU RI LQWDNHV LV PXFK VPDOOHU
WKDQ WKH QXPEHU RI WLPH LQWHUYDOV ZKHUH LQWDNHV FRXOG RFFXU��v
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DQG WKHUHIRUH�

3Q } Hby7
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WKH 3RLVVRQ SUREDELOLW\ IRU Q HYHQWV� ZKHQ WKH DYHUDJH QXPEHU RI HYHQWV LV y7 �
2QH PD\ DOVR UHFRJQL]H (T� �� DV WKH ELQRPLDO GLVWULEXWLRQ RI Q VXFFHVVHV

LQ 1 LQGHSHQGHQW %HUQRXOOL WULDOV ZLWK SUREDELOLWLHV S  ycW IRU VXFFHVV DQG
T  �b S IRU IDLOXUH� 7KH 3RLVVRQ DSSUR[LPDWLRQ KROGV LI 1 LV VXrFLHQWO\ ODUJH
DQG S LV VPDOO�
7KH 3RLVVRQ SUREDELOLW\ LV QRUPDOL]HG� VR WKDW
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7KH VXPV RYHU WLPH LQWHUYDOV LQ (T� �� ZLOO FRQYHUW WR LQWHJUDWLRQV RYHU
FRQWLQXRXV WLPH XVLQJ WKH UHSODFHPHQW
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,Q WHUP�E\�WHUP LQWHJUDWLRQ RYHU (T� ��� WKH r IXQFWLRQV GLVDSSHDU� ,W LV
FRQYHQLHQW WR GHpQH D SULRU SUREDELOLW\ PHDVXUH IRU Q LQWDNHV DV

:Q G;Q u

S URG X FW RI Q WHUP V] `_ ^
GW

7

Z�[W�

y
G[W � � �

GW�

7

Z�[W� �

y
G[W� ����

7KLV SUREDELOLW\ PHDVXUH LV QRUPDOL]HG� VR WKDW=
:Q G;Q  �� ����

7KH 3RLVVRQ VXP UHSUHVHQWDWLRQ RI %D\HVLDQ SRVWHULRU H[SHFWDWLRQV� FRUUHVSRQG�
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� 7 KH 8QIROGLQJ $OJRU LWKP

,Q ZKDW IROORZV D VLPSOLpHG DOJRULWKP WKDW DYRLGV WKH PXOWLSOH LQWHJUDWLRQV
RI (T� �� LV GLVFXVVHG� ,W LV DVVXPHG WKDW WKH WLPH LQWHUYDO EHWZHHQ ELRDVVD\
VDPSOHV LV VPDOO HQRXJK WKDW WKH SUREDELOLWLHV RI WZR RU PRUH LQWDNHV LV QHJOLJLEO\
VPDOO� 7KLV UHTXLUHV WKH DYHUDJH QXPEHU RI LQWDNHV IURP WKH SULRU SUREDELOLW\
GLVWULEXWLRQ� ycW� WR EH VPDOO� ,Q RWKHU ZRUGV� LQ WKH VDPSOLQJ LQWHUYDO cW WKHUH
DUH � RU � LQWDNHV ZLWK SUREDELOLWLHV 3� DQG 3� JLYHQ E\

3�  H[S�bycW��

3�  �b H[S�bycW� ����

�:H FKRRVH WKLV IRUP UDWKHU WKDQ 3�  �bycW� 3�  ycW WR PRUH HDVLO\ KDQGOH
FDVHV ZKHUH ycW LV VRPHZKDW ODUJH��
(TXDWLRQ �� LV DSSOLHG WR WKH LWK VDPSOLQJ LQWHUYDO LQ WKH IROORZLQJ ZD\�

&RQVLGHU D IXQFWLRQ J�[L� O� RI WKH LQWDNH DPRXQW [L DQG LQWDNH W\SH O� )LUVWO\
WKH LQWHJUDWLRQ RYHU WLPH LQ (T� �� LV UHSODFHG E\ HYDOXDWLRQ DW WKH FHQWUDO WLPH
RI WKH LQWHUYDO� 7KH H[SHFWHG YDOXH RI J LV WKHQ JLYHQ E\

(�J�  
3�J��� � 3�

3
O 3 �O�

5 Z�[L�
y

) �[L�
) ���

J�[L� G[L

3� �3�

3
O 3 �O�

5 Z�[L�
y

) �[L�
) ��� G[L

� ����

ZKHUH Z�[L� LV WKH SULRU SUREDELOLW\ GLVWULEXWLRQ RI WKH LQWDNH DPRXQW [L �D ORJ�
QRUPDO IRUP LV DVVXPHG�� DQG ) �[L� ) ��� LV WKH UDWLR RI OLNHOLKRRG IXQFWLRQV
JLYHQ E\
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ZKHUH M HQXPHUDWHV WKH GDWD SRLQWV XVHG WR GHWHUPLQH WKH LQWDNH LI PRUH WKDQ
WKH ULJKWKDQG GDWD SRLQW RI WKH LQWHUYDO LV XVHG� ,Q (T� �� ZH KDYH XVHG WKH
IDFW WKDW WKHUH LV QR GHSHQGHQFH RQ LQWDNH W\SH O ZKHQ WKHUH LV QR LQWDNH� DQG;
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ZKHUH (�JMO� \�� WKH SRVWHULRU H[SHFWDWLRQ YDOXH RI J JLYHQ O DQG WKH GDWD� LV
JLYHQ E\
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DQG 3 �OM\�� WKH SRVWHULRU SUREDELOLW\ RI LQWDNH W\SH O JLYHQ WKH GDWD� LV JLYHQ E\
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7KH YDULDQFH RI D DQ DUELWUDU\ IXQFWLRQ J�[L� O� FDQ DOZD\V EH FDOFXODWHG LQ
WHUPV RI H[SHFWDWLRQ YDOXHV WKXV�

9DU�J�  (�J��b(�J��� ����

,Q WKH HYDOXDWLRQ RI ���[L� O�� GHpQHG E\ (T� � �DOWKRXJK QRZ ZH PDNH WKH
GHSHQGHQFH RQ [L DQG O H[SOLFLW�� WKH FDOFXODWHG XULQH H[FUHWLRQ DW WKH WLPH RI
WKH MWK GDWD SRLQW LV JLYHQ E\

I
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[L� X
�O�
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UHZULWLQJ (T� � WR VKRZ KRZ LW GHSHQGV RQ WKH LQWDNH [L DQG SUHYLRXV LQWDNHV�
7KH VXPPDWLRQ DERYH H[WHQGV RYHU DOO SUHYLRXVO\ GHWHUPLQHG LQWDNHV [L� WKDW
KDYH RFFXUHG HDUOLHU LQ WLPH� 7KH XQFHUWDLQW\ YDULDQFH RI WKH MWK GDWD SRLQW
��
M �[L�� ZKLFK HQWHUV LQWR ���[L� O�� FRQWDLQV IRXU FRPSRQHQWV�

��
M �[L�  ��

PM � �%YIM�
� � �%Y[LXLM�

� � ���M � ����

PHDVXUHPHQW XQFHUWDLQW\� VDPSOH FROOHFWLRQ�ELRORJLFDO YDULDELOLW\ HTXDO WR WKH
FRHrFLHQW RI YDULDWLRQ %Y WLPHV WKH %D\HVLDQ SRVWHULRU H[SHFWDWLRQ H[FUHWLRQ
IM FRPLQJ IURP HDUOLHU LQWDNHV DW WKH WLPH RI WKH MWK VDPSOH� VDPSOH FROOHF�
WLRQ�ELRORJLFDO YDULDELOLW\ DVVRFLDWHG ZLWK WKH QHZ LQWDNH� DQG XQFHUWDLQW\ RI
WKH FDOFXODWHG H[FUHWLRQ GXH WR HDUOLHU LQWDNHV� 7KH ODWWHU LV JLYHQ E\
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7KH YDULDQFHV DGG VLQFH WKH HDUOLHU LQWDNHV DUH GHWHUPLQHG E\ VHSDUDWH EORFNV RI
GDWD DQG DUH VWDWLVWLFDOO\ LQGHSHQGHQW� ,Q FDOFXODWLQJ YDULDQFHV RI DQ DUELWUDU\
TXDQWLW\ G SURSRUWLRQDO ZLWK FRHrFLHQW 'O IRU LQWDNH W\SH O WR DQ LQWDNH DPRXQW
[L DV LQ (T� ��� ZH XVH WKH IRUPXODV
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)RU D GLVFXVVLRQ RI VDPSOH FROOHFWLRQ�ELRORJLFDO YDULDELOLW\ VHH 5HI� >��@� )RU
WUXH �� KRXU VDPSOHV ZH XVH %Y  ���� IRU VSHFLpF�JUDYLW\ FRUUHFWHG� VLPXODWHG
�� KRXU VDPSOHV� ZH XVH %Y  ����
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$ VXEWOHW\ FDXVHG E\ KDYLQJ WKH XQFHUWDLQW\ GHSHQG RQ [L LV WKDW IRU GDWD
YDOXHV WKDW DUH PDQ\ VWDQGDUG GHYLDWLRQV QHJDWLYH �QRUPDOO\ YHU\ UDUH�� WKH
%D\HVLDQ SRVWHULRU PHDQ WHQGV WR EH ODUJH DQG SRVLWLYH� ,Q RWKHU ZRUGV� ODUJH
QHJDWLYH GDWD LV H[SODLQHG DV VWDWLVWLFDO YDULDWLRQ IURP D ODUJH SRVLWLYH WUXH YDOXH
DOORZHG E\ ODUJH VDPSOH FROOHFWLRQ�ELRORJLFDO YDULDELOLW\ XQFHUWDLQW\� ,Q SUDFWLFH�
SUREOHPV DUH DYRLGHG E\ �� E\ LQFUHDVLQJ WKH PHDVXUHPHQW HUURU XQFHUWDLQW\ RI
QHJDWLYH GDWD YDOXHV VR WKH\ DUH QR PRUH WKDQ VRPH JLYHQ QXPEHU �VD\ �� RI
VWDQGDUG GHYLDWLRQV QHJDWLYH DQG �� E\ LQFUHDVLQJ WKH SURSDJDWHG XQFHUWDLQW\ RI
H[FUHWLRQ IURP HDUOLHU LQWDNHV VR WKDW GDWD PLQXV EDFNJURXQG VDWLVpHV WKH VDPH
FULWHULRQ�
'DWD XQIROGLQJ GHSHQGV RQ FDXVDOLW\� WKDW H[FUHWLRQ IROORZV LQWDNH LQ WLPH� VR

WKDW LQWDNHV LQ D JLYHQ VDPSOLQJ LQWHUYDO DoHFW RQO\ VXEVHTXHQW XULQH H[FUHWLRQ
DPRXQWV DQG QRW XULQH H[FUHWLRQ DPRXQWV SUHFHGLQJ WKH LQWDNH� 7KXV� VWDUWLQJ
ZLWK WKH pUVW �HDUOLHVW LQ WLPH� VDPSOLQJ LQWHUYDO� WKH LQWDNH LQ HDFK VDPSOLQJ
LQWHUYDO LV GHWHUPLQHG E\ WKH ULJKW�KDQG XULQH GDWD YDOXH RI WKDW LQWHUYDO� DV WKH
H[SHFWDWLRQ YDOXH RI WKH %D\HVLDQ SRVWHULRU SUREDELOLW\ GLVWULEXWLRQ� XVLQJ (T�
�� ZLWK J�[L�  [L� )RU DOO LQWHUYDOV H[FHSW WKH pUVW� WKH H[FUHWLRQ H[SHFWHG IURP
SUHYLRXV LQWDNHV DQG LWV SURSDJDWHG XQFHUWDLQW\ LV LQFOXGHG LQ WKLV FDOFXODWLRQ
EHFDXVH RI (T� ���
8QIROGLQJ WKHQ EHFRPHV D VHTXHQFH RI RQH�GLPHQVLRQDO LQWHJUDOV RYHU LQWDNH

DPRXQWV XVLQJ (T� �� WR GHWHUPLQH H[SHFWDWLRQ YDOXHV DQG YDULDQFHV IURP WKH
SRVWHULRU GLVWULEXWLRQ� )LJXUH � VKRZV WKH UHVXOW RI XQIROGLQJ ELRDVVD\ GDWD LQ
WKLV PDQQHU� 7KLV H[DPSOH XVHV QXPHULFDOO\ JHQHUDWHG GDWD� IRU D ORZ OHYHO
WULWLXP FDVH �WKH ELRNLQHWLF UHVSRQVH LV DVVXPHG WR EH D VLPSOH H[SRQHQWLDO ZLWK
D �� GD\ KDOI OLIH�� )LJXUH � VKRZV WKH UHVXOW RI WKH pUVW VWHS RI WKH LWHUDWLYH
XQIROGLQJ SURFHVV� ZKHUH � LQWDNH DPRXQWV DUH GHWHUPLQHG DV H[SHFWDWLRQ YDOXHV
XVLQJ (T� �� ZLWK �� GHWHUPLQHG E\ RQH GDWD SRLQW �WKH ULJKW�KDQG GDWD SRLQW�
LQ HDFK RI WKH � VDPSOLQJ LQWHUYDOV�
$IWHU FDUU\LQJ RXW WKH pUVW GDWD XQIROGLQJ DV GHVFULEHG� ZH REWDLQ D VHW RI

LQWDNH DPRXQWV [L IRU HDFK ELRDVVD\ VDPSOLQJ LQWHUYDO� DQG ZH FDQ FDOFXODWH WKH
%D\HVLDQ SRVWHULRU SUREDELOLW\ IRU HDFK LQWDNH DV WKH PDUJLQDO SUREDELOLW\ RI DQ
LQWDNH JLYHQ E\ (T� ��� ,Q WKLV VLWXDWLRQ� WKH LQWDNH SUREDELOLW\ LV HTXLYDOHQWO\
FDOFXODWHG XVLQJ (T� �� ZLWK J�[L� O�  � IRU [L ! ��
$ VLQJOH VWHS LQ WKH LWHUDWLYH SURFHVV FRQVLVWV RI GURSSLQJ WKH OHDVW SUREDEOH

LQWDNH DQG UHSHDWLQJ WKH XQIROGLQJ� 7KH LWHUDWLRQ LV VWRSSHG ZKHQ WKH PLQLPXP
RI DOO WKH LQWDNH SUREDELOLWLHV H[FHHGV VRPH OLPLW �VD\ ����� 7KH H[DFW YDOXH RI
WKH LQWDNH SUREDELOLW\ OLPLW LV QRW YHU\ FULWLFDO� VLQFH LQWDNHV WHQG WR KDYH HLWKHU
YHU\ VPDOO SUREDELOLWLHV RU SUREDELOLWLHV QHDU ��
)RU WKH H[DPSOH VKRZQ LQ )LJ� �� WKH LQWDNH LQ WKH pUVW VDPSOLQJ LQWHUYDO

ZDV WKH OHDVW SUREDEOH DIWHU WKH pUVW LWHUDWLRQ� VR LW ZDV GURSSHG LQ WKH VHFRQG
LWHUDWLRQ� 7KH VHFRQG LWHUDWLRQ UHSHDWHG WKH XQIROGLQJ� DVVXPLQJ QR LQWDNH
ZDV SRVVLEOH LQ WKH pUVW VDPSOLQJ LQWHUYDO� ,Q WKLV FDVH DOO WKH H[SHFWDWLRQ
LQWHJUDOV �VWDUWLQJ ZLWK WKH VHFRQG VXELQWHUYDO� QHHGHG WR EH UHFDOFXODWHG� VLQFH
WKH H[FUHWLRQ WDLO SURGXFHG E\ WKH pUVW LQWDNH LV QR ORQJHU SUHVHQW LQ WKH ODWHU
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VXELQWHUYDOV� ,I� VD\� WKH LQWDNH LQ WKH �WK VXELQWHUYDO UDWKHU WKDQ WKH �VW KDG
WKH VPDOOHVW SUREDELOLW\ DQG ZDV GURSSHG� WKHQ WKH �WK DQG �WK GDWD SRLQWV
ZRXOG KDYH EHHQ XVHG WR UHGHWHUPLQH WKH LQWDNH LQ WKH VXELQWHUYDO EHWZHHQ WKH
�WK DQG �WK GDWD SRLQWV� DQG DOO VXELQWHUYDOV WR WKH ULJKW ZRXOG KDYH QHHGHG
WR EH UHFDOFXODWHG� 7KH DOJRULWKP SURFHHGV LQ WKLV ZD\� XVLQJ VHSDUDWH EORFNV
RI GDWD WR GHWHUPLQH VLQJOH LQWDNHV� LWHUDWLQJ WKH XQIROGLQJ SURFHVV XQWLO DOO WKH
UHPDLQLQJ LQWDNHV KDYH SUREDELOLWLHV H[FHHGLQJ WKH SUHVFULEHG OLPLW� 7KH pQDO
UHVXOW IRU WKH H[DPSOH VKRZQ LQ )LJ� � LV VKRZQ LQ )LJ� �� ,Q WKLV FDVH RQO\
RQH KLJKO\ SUREDEOH LQWDNH UHPDLQV� ZLWK %D\HVLDQ SRVWHULRU SUREDELOLW\ RI �����
UHSURGXFLQJ WKH LQWDNH DVVXPHG WR JHQHUDWH WKH GDWD�
7KLV PHWKRG UHVXOWV LQ DQ LQWDNH VFHQDULR ZLWK UHODWLYHO\ IHZ� ZHOO GHWHU�

PLQHG� LQWDNHV� ZHOO VXLWHG WR WKH UHDOLW\ RI PRVW RFFXSDWLRQ PRQLWRULQJ VLWXD�
WLRQV� ZKHUH LQWDNHV DUH UDUH� DQG WR WKH UHJXODWRU\ UHTXLUHPHQW WKDW DOO LQWDNHV
EH UHSRUWHG DQG MXVWLpDEOH �VHH &RGH RI )HGHUDO 5HJXODWLRQV ��&)5�����>�@ $Q
LQWDNH VFHQDULR ZLWK UHODWLYHO\ IHZ LQWDNHV UHVXOWV LQ KLJKHU GRVH HVWLPDWHV IRU
FDVHV ZLWK QRQ]HUR GRVH� DV KDV EHHQ GLVFXVVHG �VHH 0LOOHU DQG ,QNUHW� ������>��@
,Q FRQWUDVW� VLPSOH XQIROGLQJ WHFKQLTXHV DUH QRW SUREDELOLVWLF� 7KH LQWDNH

LQ HDFK VDPSOLQJ LQWHUYDO LV GHWHUPLQHG VR WKDW FDOFXODWHG H[FUHWLRQ PDWFKHV
WKH ULJKW�KDQG XULQH H[FUHWLRQ GDWD YDOXH H[DFWO\� HYHQ LI WKH UHTXLUHG LQWDNH
DPRXQW LV QHJDWLYH� $OVR WKHUH LV QR PHWKRG WR FDOFXODWH XQFHUWDLQWLHV LQ WKH
H[FUHWLRQ H[SHFWHG IURP LQWDNHV RFFXUULQJ DW HDUOLHU WLPHV� ZKLFK LV DQ LPSRUWDQW
EDFNJURXQG WKDW PXVW EH VXEWUDFWHG WR GHWHUPLQH LI QHZ LQWDNHV KDYH RFFXUUHG�
)LQDOO\� WKHUH LV QR ZD\ WR GHWHUPLQH LQWDNH SUREDELOLW\� LQ RUGHU� VD\� WR GURS
LPSUREDEOH LQWDNHV�
$ pQDO FRQVLVWHQF\ FKHFN LV WR VHH ZKHWKHU WKH FDOFXODWHG H[FUHWLRQ LV VWDWLVWL�

FDOO\ FRQVLVWHQW ZLWK WKH REVHUYHG H[FUHWLRQ� $ PHDVXUH RI VWDWLVWLFDO FRQVLVWHQF\
LV WKH RYHUDOO �� JLYHQ E\
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ZKHUH IM LV WKH %D\HVLDQ SRVWHULRU H[SHFWDWLRQ YDOXH RI H[FUHWLRQ IURP DOO LQWDNHV
DW WKH WLPH RI WKH MWK GDWD SRLQW� ,Q WKLV FDVH� ��

M LV FDOFXODWHG DV

��
M  ��

PM � �%YIM�
� ����

LQ WHUPV RI PHDVXUHPHQW XQFHUWDLQW\ DQG VDPSOH FROOHFWLRQ�ELRORJLFDO YDULDELOLW\
XQFHUWDLQW\� 5RXJKO\� �� 0 VKRXOG EH DERXW �� ZKHUH0 LV WKH QXPEHU RI GDWD
SRLQWV� IRU WKH pQDO UHVXOW WR EH VWDWLVWLFDOO\ FRQVLVWHQW� &DVHV ZLWK ODUJHU YDOXHV
RI �� 0 DUH� UHJDUGOHVV RI WKH H[DFW QRUPDOL]DWLRQ� PRUH TXHVWLRQDEOH�
$Q H[DPSOH RI DQ DFWXDO ���3X FDVH LV VKRZQ LQ )LJ� �� 7KLV H[DPSOH

LV GLVFXVVHG LQ GHWDLO LQ $SSHQGL[ %� ,Q WKLV FDVH WKHUH DUH WKUHH FDOFXODWHG
LQWDNHV� WZR RI ZKLFK DUH QRW DVVRFLDWHG ZLWK NQRZQ LQFLGHQWV� 7KH FXPXODWLYH
FRPPLWWHG GRVH LV ���� 6Y df ���� �� 0 LV ��� IRU 0  �� GDWD SRLQWV� 7KH
XVH RI D PXOWLSOLFDWLYH IDFWRU WR H[SUHVV XQFHUWDLQW\ LV GLVFXVVHG LQ $SSHQGL[ &�
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)LJXUH �� $FWXDO ���3X FDVH KDYLQJ � FDOFXODWHG LQWDNHV�

� 'LVFXVVLRQ

$ VLPSOH XVH RI WKH 3RLVVRQ VXP IRUPDOLVP LV WKH XQIROGLQJ DOJRULWKP� 7KLV KDV
EHHQ LPSOHPHQWHG LQ WKH 8) �XQIROGLQJ� FRGH� 7KH TXDQWLWLHV y DQG WKH ORJ�
QRUPDO SDUDPHWHUV DUH SUHVFULEHG IXQFWLRQV RI WLPH� GHVFULELQJ KRZ WKH SULRU
GLVWULEXWLRQ YDULHV ZLWK WLPH� ,GHDOO\� WKHVH IXQFWLRQV DUH GHWHUPLQHG LWHUDWLYHO\�
E\ DVVXPLQJ VRPH UHDVRQDEOH LQLWLDO YDOXHV� FDOFXODWLQJ LQWDNHV IRU D SRSXODWLRQ
RI ZRUNHUV� DQG WKHQ GHWHUPLQLQJ SRSXODWLRQ DYHUDJHV RI WKH GLVWULEXWLRQ RI
LQWDNHV IRU GLoHUHQW KLVWRULFDO SHULRGV� WR EH XVHG WR GHWHUPLQH WKH QHZ SULRU
GLVWULEXWLRQ� 7KLV LWHUDWLRQ SURFHVV LV FRQWLQXHG XQWLO LW FRQYHUJHV�
)RU QRQ�URXWLQH VLWXDWLRQV �DFFLGHQWV RU RWKHU Ro QRUPDO RFFXUUHQFHV�� ZKHUH

WKHUH LV LQIRUPDWLRQ IURP ZRUNSODFH LQGLFDWRUV �IRU H[DPSOH� QDVDO VZLSHV RU DLU
PRQLWRU OHYHOV� WKDW DQ LQWDNH PD\ KDYH RFFXUUHG � WKHQ WKH WLPH RI WKH SRVVLEOH
LQWDNH LV NQRZQ DQG LWV SULRU SUREDELOLW\ LV VSHFLpHG DV D GLVFUHWH SUREDELOLW\
WKDW DQ LQWDNH RFFXUUHG EDVHG RQ YDOXHV RI WKH ZRUNSODFH LQGLFDWRUV� )RU H[DP�
SOH� WKLV SUREDELOLW\ PLJKW EH WDNHQ WR EH ��� IRU WKH XVXDO UDQJH RI ZRUNSODFH
LQGLFDWRUV DQG PLJKW HYHQ EH � LQ H[WUHPH FDVHV� 7KH SULRU SUREDELOLW\ SDUDP�
HWHUV �WKH SDUDPHWHUV RI WKH ORJ QRUPDO GLVWULEXWLRQ� DUH GLVFUHWHO\ VSHFLpHG IRU
D QRQ�URXWLQH LQWDNH� 7KH SULRU SUREDELOLW\ GLVWULEXWLRQ IRU D NQRZQ RFFXUUHQFH
FDQ EH XVHG WR LQFRUSRUDWH WKH UHVXOWV RI RWKHU PHDVXUHPHQWV� IRU H[DPSOH� LQ
YLYR OXQJ FRXQWV� ,Q DQ DFFLGHQW VLWXDWLRQ ZKHUH JRRG OXQJ GDWD LV DYDLODEOH� LQ
DQDO\]LQJ WKH XULQH GDWD WKH SULRU SUREDELOLW\ RI DQ LQWDNH ZRXOG EH VHW WR ��
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DQG WKH SULRU SUREDELOLW\ GLVWULEXWLRQ SDUDPHWHUV ZRXOG UHqHFW WKH OXQJ FRXQW
PHDVXUHPHQW UHVXOWV DQG DVVRFLDWHG XQFHUWDLQWLHV�
2QH RI WKH DGYDQWDJHV RI WKH SUHVHQW IRUPDOLVP LV WKDW LW PDWKHPDWLFDOO\

GHVFULEHV WKH LQWXLWLYH FRQFHSW RI WKH QXPEHU RI LQWDNHV� EHLQJ DEOH WR DGGUHVV
TXHVWLRQV VXFK DV ZKHWKHU RU QRW DQ LQWDNH KDV RFFXUUHG� VLQFH WKHVH DUH FRQFHSWV
RIWHQ XVHG LQ SUDFWLFH�
7KH 8) FRGH KDV EHHQ XVHG WR DQDO\]H SOXWRQLXP XULQDO\VLV GDWD IRU HYHU\�

RQH LQ WKH /RV $ODPRV GDWDEDVH �VRPH ����� SHRSOH^UHTXLULQJ DERXW �� KRXUV RQ
D 3HQWLXP ZRUNVWDWLRQ�� JLYLQJ HQFRXUDJLQJ UHVXOWV� $ WULDO VRIWZDUH DQG GRFX�
PHQWDWLRQ SDFNDJH IRU WKH 8) FRGH LV DYDLODEOH IRU GRZQORDG IURP RXU %D\HVLDQ
:RUOG :LGH :HE VLWH KWWS�QQZZZ�ODQO�JRYQ%D\HVLDQ �%D\HVLDQ VRIWZDUH SDFN�
DJH ,,��
$Q HQWURS\ IRUP RI WKH SULRU SUREDELOLW\ GLVWULEXWLRQ IRU GDLO\ UDGLRQXFOLGH

LQWDNH ZDV LQYHVWLJDWHG SUHYLRXVO\ �0LOOHU DQG ,QNUHW� �����>��@� 7KLV IRUP RI
WKH SULRU SUREDELOLW\ GLVWULEXWLRQ ZDV QRW DEOH WR PRGHO WKH LQIUHTXHQW DFXWH
LQWDNH VFHQDULRV WKDW DUH RIWHQ REVHUYHG LQ SUDFWLFH� ,Q SDUWLFXODU� WKH VWDQGDUG
GHYLDWLRQ GLYLGHG E\ WKH PHDQ RI WKH HQWURS\ GLVWULEXWLRQ LV p[HG� XQOLNH WKH
SULRU SUREDELOLW\ GLVWULEXWLRQV FRQVLGHUHG LQ WKLV SDSHU� 7R VHH WKLV SURSHUW\
RI GLVWULEXWLRQV ZLWK D r IXQFWLRQ FRPSRQHQW �UHSUHVHQWLQJ ?QR LQWDNH��� OHW
Z�[� y EH D SUREDELOLW\ GLVWULEXWLRQ ZLWK PHDQ z DQG VWDQGDUG GHYLDWLRQ ��
7KH GLVWULEXWLRQ
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WKHQ KDV VWDQGDUG GHYLDWLRQ GLYLGHG E\ PHDQ JLYHQ E\S
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ZKLFK EHFRPHV DUELWUDULO\ ODUJH DV S� ��
7KH PRVW DPELWLRXV DSSOLFDWLRQ RI WKH 3RLVVRQ VXP IRUPDOLVP LV WR WKH HQWLUH

WLPH LQWHUYDO RYHU ZKLFK XULQH GDWD KDYH EHHQ FROOHFWHG DQG QRW VDPSOLQJ LQWHUYDO
E\ VDPSOLQJ LQWHUYDO XVLQJ GDWD XQIROGLQJ� $V ZH KDYH VKRZQ� D VROXWLRQ RI WKH
LQWHUQDO GRVLPHWU\ SUREOHP FDQ EH ZULWWHQ GRZQ TXLWH HOHJDQWO\ DQG FRQFLVHO\
LQ WHUPV RI %D\HVLDQ SRVWHULRU H[SHFWDWLRQ YDOXHV� 7KLV ZRXOG VHHP WR EH WKH
GHpQLWLYH VROXWLRQ RI WKH SUREOHP� SURYLGHG WKH FDOFXODWLRQV FDQ EH FDUULHG RXW�
,Q SOXWRQLXP LQWHUQDO GRVLPHWU\� WKH QXPEHU RI SRVVLEOH LQWDNH GD\V� 1 � LV TXLWH
ODUJH� RIWHQ RI RUGHU ������ ,Q WKLV VLWXDWLRQ� GLUHFW HYDOXDWLRQ RI WKH ������
GLPHQVLRQDO LQWHJUDO JLYHQ E\ (T� � LV RXW RI WKH TXHVWLRQ� 2IWHQ� KRZHYHU� WKH
DYHUDJH QXPEHU RI LQWDNHV LQ D SRSXODWLRQ LV VPDOO� ,Q WKLV FDVH� WKH 3RLVVRQ
VXP UHSUHVHQWDWLRQ FRQYHUJHV UDSLGO\ IRU VPDOO QXPEHUV RI LQWDNHV� (YDOXDWLRQ
RI WKH UHTXLVLWH ORZ GLPHQVLRQDO LQWHJUDOV DSSHDULQJ LQ (T� �� LV WKHQ IHDVLEOH�
VD\� XVLQJ 0DUNRY &KDLQ 0RQWH &DUOR PHWKRGV �7LHUQH\� ����� *LONV HW� DO��
�����>��@>�@� :H KDYH PDGH VRPH LQLWLDO H[SORUDWLRQV RI WKLV WHFKQLTXH ZLWK
HQFRXUDJLQJ UHVXOWV�

��



� $FNQRZOHGJPHQWV

:H WKDQN WKH UHYLHZHUV IRU PDQ\ GHWDLOHG FRPPHQWV WKDW VLJQLpFDQWO\ LPSURYHG
WKLV SDSHU� 7KDQNV DOVR WR 'UV� 0DULR (� 6FKLOODFL DQG 7RP 7� /LWWOH IRU YDOXDEOH
GLVFXVVLRQV DQG LQSXW�

$ $SSHQGL[^% LRNLQHWLF PRGHOV

$Q\ VHW RI ELRNLQHWLF UHVSRQVH IXQFWLRQV PD\ EH XVHG ZLWK WKHVH PHWKRGV� RE�
WDLQHG E\ YDU\LQJ SDUDPHWHUV RI D SUHIHUUHG ELRNLQHWLF PRGHO� 7KH FKRLFH RI
pQLWH� GLVFUHWH VHW RI ELRNLQHWLF UHVSRQVH IXQFWLRQV WR VSDQ ZKDW LV DFWXDOO\ D
PXOWL�GLPHQVLRQDO VSDFH LV DQ DSSUR[LPDWLRQ WKDW KDV VRPH HoHFW RQ WKH FDOFX�
ODWHG UHVXOWV DQG XQFHUWDLQWLHV� 7KLV LV DQ DUHD RI %D\HVLDQ ?VXEMHFWLYLW\� WKDW
UHOLHV RQ SURIHVVLRQDO MXGJPHQW� 7R LOOXVWUDWH LQ PRUH GHWDLO WKH XVH RI ELRNLQHWLF
PRGHOV� ZH ZLOO GLVFXVV WKH FDVH RI SOXWRQLXP LQ GHWDLO LQ WKLV DSSHQGL[�
)RU SOXWRQLXP LQWHUQDO GRVLPHWU\� ZH XVH ELRNLQHWLF UHVSRQVH IXQFWLRQV EDVHG

RQ WKH ,&53 SXEOLFDWLRQ ��>��@ PRGHO� VLQFH WKLV LV FXUUHQWO\ WKH EDVLV RI 8� 6�
'HSDUWPHQW RI (QHUJ\ UHJXODWLRQV�
$ FRPSXWHU FRGH KDV EHHQ GHYHORSHG WR FDOFXODWH WKH ,&53 SXEOLFDWLRQ ��

PRGHO DQG JHQHUDWH WKH UHTXLUHG WDEOHV RI OLQHDU ELRNLQHWLF UHVSRQVH IXQFWLRQV�
7KHVH WDEOHV DUH LQFOXGHG LQ WKH %D\HVLDQ VRIWZDUH SDFNDJH ,, WKDW PD\ EH
GRZQORDGHG IURP RXU ZHE VLWH KWWS�QQZZZ�ODQO�JRYQ%D\HVLDQ�
,Q SULQFLSOH� WKH FRGH &,1'<>��@ PLJKW EH XVHG WR FDOFXODWH ELRNLQHWLF UH�

VSRQVH IXQFWLRQV� KRZHYHU� WKHUH LV QR SURYLVLRQ IRU ZULWLQJ pOHV RI D VSHFLpHG
IRUPDW� DQG DOVR ZH IRXQG LW QHFHVVDU\ WR JR RXWVLGH RI WKH ,&53 SXEOLFDWLRQ
�� IUDPHZRUN DQG LQWURGXFH WLPH�YDU\LQJ VROXELOLW\ WLPH FRQVWDQWV LQ RUGHU WR
GHVFULEH WKH REVHUYHG EHKDYLRU RI FHUWDLQ FDVHV LQYROYLQJ 3X����� ZKLFK ZLOO EH
GLVFXVVHG ODWHU� :KHUH SRVVLEOH� ZH KDYH FKHFNHG RXU UHVXOWV DJDLQVW &,1'<
DQG KDYH IRXQG WKHP WR EH LQ DJUHHPHQW�
7KH SOXWRQLXP ELRNLQHWLF PRGHO FRQVLVWV RI VRPH �� FRXSOHG OLQHDU pUVW�RUGHU

GLoHUHQWLDO HTXDWLRQV LQ WLPH WKDW KDYH ZLGHO\ GLVSDUDWH WLPH VFDOHV� IURP ����
GD\ WR ����� GD\V� 7KXV� WKH VLPSOHVW H[SOLFLW PHWKRGV RI VROYLQJ GLoHUHQWLDO
HTXDWLRQV DUH QRW DGHTXDWH� +RZHYHU� WKH VROXWLRQ RI WKHVH HTXDWLRQV ZLWK WKH
*HDU PHWKRG>�@ VXEURXWLQH /62'(>�@ GRHV QRW SUHVHQW DQ\ SDUWLFXODU SUREOHP�

$�� 6WDQGDU G 3 OXWRQLXP % LRNLQHWLF 0 RGHOV

7KH FRPSDUWPHQWDO ELRNLQHWLF PRGHO IRU SOXWRQLXP LV VKRZQ VFKHPDWLFDOO\ LQ
)LJ� ��
7KH XULQH H[FUHWLRQ PRGHO LV EDVHG RQ WKH /DQJKDP LQMHFWLRQ VWXGLHV>��@�

,Q FDOFXODWLQJ XULQH H[FUHWLRQ� WKH LQWDNH WR WKH EORRG FRPSDUWPHQW IURP WKH
OXQJ DQG VPDOO LQWHVWLQH LV WUHDWHG DV DQ HTXLYDOHQW UDWH RI LQMHFWLRQ� 7KH IRXU�
FRPSRQHQW H[SRQHQWLDO -RQHV pW �-� WKURXJK -��>��@ LV XVHG WR UHSUHVHQW WKH
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GDWD IURP WKH LQMHFWLRQ VWXGLHV�
7KH H[LVWHQFH RI WKH LQMHFWLRQ VWXGLHV GDWD LV H[WUHPHO\ LPSRUWDQW IRU SOXWR�

QLXP LQWHUQDO GRVLPHWU\� $Q\ ELRNLQHWLF PRGHO PXVW WKHQ DJUHH ZLWK WKLV GDWD
LQ UHSURGXFLQJ LQMHFWLRQ�XULQH�H[FUHWLRQ EHKDYLRU� 7KXV DQ\ ELRNLQHWLF PRGHO
WKDW UHSURGXFHV WKH XULQH H[FUHWLRQ SDWWHUQ PXVW KDYH WKH VDPH HTXLYDOHQW LQ�
MHFWLRQ LQWR WKH EORRG� LQ WKH FDVH RI LQKDODWLRQ� FRPLQJ IURP WKH OXQJV� *LYHQ
WKLV FRQVWUDLQW� LW LV XQOLNHO\ LI QRW LPSRVVLEOH IRU GLoHUHQW SOXWRQLXP ELRNLQHWLF
PRGHOV WR GLVDJUHH E\ D ODUJH IDFWRU LQ GRVH SUHGLFWHG IURP XULQH H[FUHWLRQ�
7KH FDOFXODWLRQV DUH FDUULHG RXW XVLQJ WKH )2575$1 �� SURJUDP %,2.�

ZKLFK UHOLHV RQ WKH VXEURXWLQH /62'(>�@ WR VROYH WKH GLoHUHQWLDO HTXDWLRQV�
'RVHV DUH FDOFXODWHG DV D IXQFWLRQ RI WLPH E\ WKH SURJUDP %,2. IRU WKH

IROORZLQJ RUJDQV� OXQJ� ERQH VXUIDFH� ERQH PDUURZ� OLYHU� DQG JRQDGV� )ROORZ�
LQJ ,&53 SXEOLFDWLRQ ��>��@� SOXWRQLXP LV DVVXPHG WR UHVLGH RQ ERQH VXUIDFHV�
8QGHU WKHVH DVVXPSWLRQV� WKH VLQJOH ERQH FRPSDUWPHQW DFWXDOO\ FRQVLVWV RI WZR
HTXDO VXEFRPSDUWPHQWV� WUDEHFXODU DQG FRUWLFDO ERQH� 7KH VSHFLpF HoHFWLYH HQ�
HUJ\ �6((� PDWUL[ LV GLDJRQDO� H[FHSW IRU WKHVH ERQH FRPSRQHQWV DV VKRZQ LQ
7DEOH ��

7DEOH �� 6(( PDWUL[ FRPSRQHQWV IRU ERQH �0H9 SHU WUDQVIRUPDWLRQ RI ���3X��

WDUJHW FRUW ERQH WUDE ERQH

U� PDUURZ �����
ERQH VXUI ���� ����

7KXV� WKH GRVH WR WKH UHG PDUURZ LV D FRQVWDQW IDFWRU ����� �����������  
���� WLPHV WKH ERQH VXUIDFH GRVH�
7KH JRQDGDO GRVH IRU D ZRPDQ� WR RYDULHV UDWKHU WKDQ WHVWHV� LV D FRQVWDQW

IDFWRU ����� WLPHV WKDW IRU D PDQ� FRUUHVSRQGLQJ WR WKH UDWLR RI DVVXPHG IUDF�
WLRQDO DPRXQWV WUDQVIHUUHG IURP WKH EORRG�
7KH RXWSXW IURP %,2. FRQVLVWV RI D WDEOH RI XULQH H[FUHWLRQ DQG GRVHV

�HoHFWLYH ZKROH ERG\ DQG LQGLYLGXDO RUJDQ� DV IXQFWLRQV RI WLPH� ZKLFK LV PHDQW
WR VXPPDUL]H� E\ LQWHUSRODWLRQ� WKH HQWLUH H[FUHWLRQ DQG GRVH SDWWHUQ� 6XFK
WDEOHV DUH FDOFXODWHG IRU D VHW RI VWDQGDUG LQWDNH PRGHOV GHQRWHG E\ D WKUHH
FKDUDFWHU FRGH� IRU H[DPSOH� L\P GHQRWLQJ LQKDODWLRQ RI FODVV < PHGLXP �� zP
$0$'� SDUWLFOH VL]H� 5HVXOWV DUH DOVR FDOFXODWHG IRU VPDOO �IRU H[DPSOH L\V� ���
zP $0$'� DQG ODUJH �IRU H[DPSOH L\O� ��� zP $0$'� SDUWLFOH VL]HV� DQG IRU
FODVV :�
:RXQGV DUH VLPXODWHG E\ XVLQJ WKH FRPSDUWPHQW VWUXFWXUH RI WKH OXQJ PRGHO

EXW FKDQJLQJ SDUDPHWHU YDOXHV� %\ VHWWLQJ WKH IUDFWLRQDO GHSRVLWLRQV ID  IF  
� LQ WKH WZR XSSHU OXQJ UHJLRQV� HoHFWLYHO\ PDNLQJ WKH OXQJ FRQVLVW RI RQO\
WKH WZR FRPSDUWPHQWV D DQG F� WKHVH OXQJ FRPSDUWPHQWV DUH XVHG WR VLPXODWH
WZR ZRXQG FRPSDUWPHQWV� 7KUHH ZRXQG PRGHOV KDYH EHHQ GHpQHG ZLWK LQWDNH
FRGHV ZQG� ZGW� DQG ZLQ� 7KH SDUDPHWHUV IRU ZQG DUH REWDLQHG IURP WKH
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REVHUYHG PRYHPHQW RI SOXWRQLXP RXW RI VRIW WLVVXHV IRU VL[ KXPDQ FDVHV>�@�
ZKHUH LW LV VHHQ WKDW ��� KDV D UHWHQWLRQ KDOI WLPH RI DERXW � GD\V� DQG ���
KDV D UHWHQWLRQ KDOI WLPH RI DERXW ��� GD\V� 7KH SDUDPHWHU YDOXHV IRU ZGW DUH
EDVHG RQ pWWLQJ GDWD IURP D SDUWLFXODU /RV $ODPRV FDVH� 7KH SDUDPHWHUV IRU
ZLQ FRUUHVSRQG WR SURPSW� FRPSOHWH LQMHFWLRQ RI PDWHULDO IURP WKH ZRXQG WR
WKH EORRGVWUHDP� 9DOXHV RI WKH GHSRVLWLRQ IUDFWLRQV DQG WLPH FRQVWDQWV IRU WKH
D DQG F OXQJ FRPSDUWPHQWV IRU WKH WKUHH ZRXQG PRGHOV DUH VKRZQ LQ 7DEOH ��
,Q 7DEOH �� '13 DQG '7% DUH WKH GHSRVLWLRQ IUDFWLRQV LQ WKH 1DVDO 3DVVDJH

7DEOH �� /XQJ PRGHO SDUDPHWHUV XVHG WR VLPXODWH ZRXQG FRPSDUWPHQWV�

LQWDNH FRGH '13 '7% 7$�G� 7&�G�

ZQG ���� ���� ��� �
ZGW ��� ��� �� �
ZLQ ��� ��� ���

�13� DQG 7UDFKHD DQG %URQFKLDO WUHH �7%� UHJLRQV RI WKH OXQJ� DQG 7$ DQG 7&
DUH UHWHQWLRQ KDOI WLPHV RI FRPSDUWPHQWV D DQG F�

$�� 6SHFLDO ��� 3 X PRGHO EDVHG RQ :LQJ � $FFLGHQW

,Q ���� DQ DFFLGHQW RFFXUUHG LQ ZLQJ � RI WKH &05 EXLOGLQJ DW /RV $ODPRV
LQYROYLQJ LQKDODWLRQ RI SOXWRQLXP ���� ZKHUH WKH REVHUYHG XULQH H[FUHWLRQ IURP
D QXPEHU RI KLJKO\ H[SRVHG LQGLYLGXDOV VKRZHG DQ XQH[SHFWHG EHKDYLRU� 7KHUH
ZDV OLWWOH H[FUHWLRQ RI SOXWRQLXP IRU D WLPH RQ WKH RUGHU RI ��� GD\V� DQG WKHQ
WKH H[FUHWLRQ UDWH URVH WR ODUJH YDOXHV� 7KLV W\SH RI EHKDYLRU GLVDJUHHV ZLWK
WKH VWDQGDUG PRGHOV� FODVV < RU : DQG GLoHUHQW SDUWLFOH VL]HV� *XLOPHWWH DQG
+LFNPDQ HW� DO�>�@>�@ DGDSW D ELRNLQHWLF PRGHO GHYHORSHG IRU FDQLQH VWXGLHV WR
GHVFULEH WKLV EHKDYLRU� 7KH SXEOLVKHG SDSHU FRQWDLQV DQ HUURU RI D IDFWRU RI ��
LQ WKH FDOFXODWHG GRVHV �WKH SXEOLVKHG GRVHV DUH WRR VPDOO��>��@ :H VRXJKW WR
GHVFULEH WKH EHKDYLRU ZLWKLQ WKH IUDPHZRUN RI WKH ,&53 SXEOLFDWLRQ �� PRGHO
WR EH FRQVLVWHQW ZLWK WKH RWKHU PRGHOV ZH XVH�
7KH ,&53 SXEOLFDWLRQ �� PRGHO ZDV PRGLpHG DV IROORZV� 7KH OXQJ FRPSDUW�

PHQWV D� F� H� DQG L� ZKLFK IHHG WKH EORRG� DUH DVVXPHG WR KDYH WLPH YDU\LQJ
VROXELOLW\ WLPH FRQVWDQWV� LQLWLDOO\ YHU\ ORQJ� FRUUHVSRQGLQJ WR KLJKO\ LQVROXEOH
PDWHULDO� DQG WKHQ FKDQJLQJ WR QRUPDO YDOXHV IRU FODVV < PDWHULDO� ZLWK WKH
FKDQJH RI WLPH FRQVWDQWV WDNLQJ SODFH RYHU VRPH WLPH � � )ROORZLQJ ZRUN DW
+DQIRUG� ZKLFK GHpQHG FODVV VXSHU�< SOXWRQLXP� WKH LQLWLDO LQVROXEOH WLPH FRQ�
VWDQW LV WDNHQ DV ����� G >��@� 7KHUHIRUH� WKH D� F� H� DQG L� FRPSDUWPHQW KDOI
WLPHV DUH DVVXPHG WR EH WKHPVHOYHV IXQFWLRQV RI WLPH� :H DUELWUDULO\ FKRRVH
WKH VLPSOH DQDO\WLFDO IRUP
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)LJXUH �� 8ULQDO\VLV GDWD IURP DQ LQGLYLGXDO LQYROYHG LQ :LQJ � LQFLGHQW DQG
pW� VKRZLQJ WKH VORZ RQVHW RI SOXWRQLXP H[FUHWLRQ�

ZKHUH �D LV WKH KDOI WLPH RI FRPSDUWPHQW D� �D, LV WKH LQLWLDO LQVROXEOH KDOI
WLPH RI ����� GD\V� �D< LV WKH QRUPDO FODVV < KDOI WLPH� DQG � LV D SDUDPHWHU
VSHFLI\LQJ WKH WLPH VFDOH RI WKLV FKDQJH RI VROXELOLW\ SURFHVV� 7KH SDUDPHWHU � �
DQG WKH SDUWLFOH VL]H� ZHUH DGMXVWHG WR EHVW pW GDWD IURP D SDUWLFXODU FDVH VKRZQ
LQ )LJ� �� 8VLQJ DXWRUDGLRJUDSK\ RI GRJ OXQJ WLVVXH VDPSOHV� 0HZKLQQH\ DQG
'LHO>��@>�@ KDYH LGHQWLpHG WKH XQGHUO\LQJ SK\VLFDO SURFHVV FDXVLQJ WKH FKDQJH RI
VROXELOLW\ DV IUDJPHQWDWLRQ RI ODUJHU LQVROXEOH SDUWLFOHV E\ o DFWLYLW\�
7KH TXDQWLW\ � ZDV IRXQG WR KDYH WKH RSWLPXP YDOXH �  � GD\V DQG WKH

SDUWLFOH VL]H $0$'  ���zP� 7KH pW REWDLQHG IURP WKLV FDVH �GHQRWHG E\ WKH
WKUHH�FKDUDFWHU FRGH LHH� ZDV IRXQG WR DGHTXDWHO\ pW WKH RWKHU ZLQJ � FDVHV DV
ZHOO� DV VKRZQ LQ 7DEOH �� 7DEOH � JLYHV WKH LQWDNH DPRXQWV� FRPPLWWHG HoHFWLYH
GRVH HTXLYDOHQW �&('(�� FRUUHFWHG &('( IURP 5HI� >�@� DQG YDOXHV RI �� 0 �
IRU WKH VHYHQ ZLQJ�� FDVHV ZLWK WKH ODUJHVW LQWDNHV� )RU D pW WR EH VWDWLVWLFDOO\
DFFHSWDEOH� �� 0 VKRXOG EH RQ WKH RUGHU RI �� DV LV VHHQ WR EH WKH FDVH� 2XU
WLPH�YDU\LQJ VROXELOLW\ ���3X PRGHO LV VHHQ WR JLYH &('(
V WKDW DUH DERXW D
IDFWRU RI ��� ODUJHU WKDQ WKRVH IURP 5HI� >�@�
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7DEOH �� �� 0 IRU WKH ZLQJ � FDVHV ZLWK WKH ODUJHVW LQWDNHV�

LQWDNH�N%T� &('(�6Y� &('(�6Y� 5HI� >�@ �� 0 0
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% $SSHQGL[ (̂ [DPSOH XVLQJ U HDO ��� 3 X GDWD

,Q WKLV DSSHQGL[ DQ H[DPSOH XVLQJ UHDO ���3X GDWD LV GLVFXVVHG LQ GHWDLO� 7KH
XULQH ELRDVVD\ GDWD DUH JLYHQ LQ WDEOH � DQG GLVSOD\HG LQ )LJ� � �WKLV GDWD LV
DOVR GRZQORDGDEOH IURP RXU ZHE VLWH KWWS�QQZZZ�ODQO�JRYQ%D\HVLDQ� %D\HVLDQ
VRIWZDUH SDFNDJH ,,� pOH XULQH�H[�� 7KLV H[DPSOH ZDV VHOHFWHG EHFDXVH LW KDG
PXOWLSOH LQWDNHV DQG UHODWLYHO\ IHZ XULQH GDWD SRLQWV�
7KH VXEMHFW ZRUNHG ZLWK SOXWRQLXP VLQFH WKH PLG ����
V� ZDV LQYROYHG LQ

VHYHUDO ���3X LQFLGHQWV LQ WKH ����
V� DQG KDG VHYHUDO ���3X LQWDNHV� 7KH VXE�
MHFW
V ���3X XULQH ELRDVVD\ UHFRUG EHJLQV LQ ����� ZKHQ VSHFLpF DQDO\VLV IRU
���3X VWDUWHG DW /RV $ODPRV�
7KH VDPH XULQH FROOHFWLRQ SURWRFRO ZDV XVHG IRU DOO VDPSOHV� DQG WKH ELR�

ORJLFDO�VDPSOH FROOHFWLRQ YDULDELOLW\ LV DVVXPHG WR EH ��� RI WKH WUXH DPRXQW
SUHVHQW� 7KH OLPLWLQJ SUREDELOLW\ IRU DQ LQWDNH LV DVVXPHG WR EH ���� WKDW LV�
ORZHU SUREDELOLW\ LQWDNHV DUH GURSSHG� 7KH IRUP RI WKH SULRU SUREDELOLW\ GLVWUL�
EXWLRQ RI LQWDNH DPRXQW [ LV DVVXPHG WR EH GHOWD IXQFWLRQ SOXV ORJ QRUPDO� ZLWK
WKH ORJ QRUPDO KDYLQJ WKH IRUP
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ZKHUH �J  � DQG [�  ��%T� 7KH SULRU SUREDELOLW\ RI DQ LQWDNH LQ WKH WLPH
UDQJH RI WKLV GDWD ZDV DVVXPHG WR EH �� SHU \HDU EHIRUH �������� DQG �� SHU
\HDU DIWHU� $V D UHVXOW RI WKH LQFLGHQWV LQ WKH ����
V �HDUO\ ���3XPL[WXUHV XVHG DW
/RV $ODPRV QRPLQDOO\ FRQWDLQHG DERXW ��� ���3X E\ DFWLYLW\�� D GLVFUHWH SULRU
SUREDELOLW\ RI ��� IRU DQ LQWDNH RQ �������� ZDV DVVXPHG� )RU WKLV GLVFUHWH
LQFLGHQW�UHODWHG SULRU� WKH TXDQWLW\ [� LQ (T� �� DERYH ZDV ��� %T�
8QGHU WKHVH DVVXPSWLRQV WKH XQIROGLQJ DOJRULWKP JDYH WKH UHVXOWV VKRZQ LQ

7DEOH � ZLWK WKH DYHUDJH FDOFXODWHG XULQH H[FUHWLRQ GLVSOD\HG LQ )LJ� � �WKH
FDOFXODWLRQV PD\ EH GRQH XVLQJ WKH XQIROGLQJ SURJUDP GRZQORDGDEOH IURP RXU
ZHE VLWH� E\ FRS\LQJ WKH pOH XULQH�H[ LQWR WKH XULQH LQSXW pOH XULQH�LQ DQG H[H�
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)LJXUH �� $FWXDO ���3X XULQH GDWD�

FXWLQJ XI�H[H IROORZLQJ WKH LQVWUXFWLRQV LQ WKH pOH UHDGPH��VW DQG WKH LQVWUXFWLRQ
PDQXDO PDQXDO�SGI��
7DEOH � VKRZV IRU WKH FDOFXODWHG LQWDNHV �PRVW RI WKLV LQIRUPDWLRQ FRPHV

IURP WKH RXWSXW pOH XpQW�GDW GHVFULEHG LQ WKH GRFXPHQWDWLRQ�� �� WKH QXPEHU
RI XULQH GDWD SRLQWV 0 LQ WKH GDWD EORFN XVHG WR GHWHUPLQH WKH LQWDNH� �� WKH
%D\HVLDQ SRVWHULRU SUREDELOLW\ RI WKH LQWDNH �PXVW EH ODUJHU WKDQ WKH OLPLWLQJ
SUREDELOLW\ RI �� ��� �� WKH LQWDNH W\SH O GHQRWHG E\ D WKUHH�FKDUDFWHU FRGH
GHpQLQJ D ELRNLQHWLF PRGHO GLVFXVVHG LQ $SSHQGL[ $� WKH %D\HVLDQ SRVWHULRU
H[SHFWDWLRQ YDOXH RI �� 0 IRU LQWDNH W\SH O� WKH %D\HVLDQ SRVWHULRU SUREDELOLW\
3 �OM\� RI LQWDNH W\SH O JLYHQ WKH GDWD� �� WKH %D\HVLDQ SRVWHULRU SUREDELOLW\
RI DQ LQWDNH 3 �LQWDNHMO� \� JLYHQ PRGHO O DQG GDWD �ZKLFK FDQ EH FDOFXODWHG DV
(�JMO� \� XVLQJ (T� �� IRU WKH SDUWLFXODU YDOXH RI O� ZKHUH J�[L� O�  � IRU [L ! ��
RWKHUZLVH ��� �� WKH %D\HVLDQ SRVWHULRU H[SHFWDWLRQ YDOXH RI WKH LQWDNH DPRXQW
[ LQ XQLWV RI �� %T� JLYHQ LQWDNH W\SH O DQG GDWD� DQG �� WKH %D\HVLDQ SRVWHULRU
DYHUDJH YDOXH RI WKH LQWDNH DPRXQW VTXDUHG JLYHQ LQWDNH W\SH O DQG GDWD�
2XU PHWKRG XVHV WKH pUVW GDWD SRLQW RQO\ DV D EDVHOLQH GHpQLQJ WKH pUVW

WLPH LQWHUYDO� VR WKH VXP RI WKH 0
V LQ 7DEOH � LV �� HYHQ WKRXJK WKHUH DUH ��
GDWD SRLQWV�
7KH LQWDNH SUREDELOLW\ 3 �LQWDNH� LV JLYHQ E\

3 �LQWDNH�  
;
O

3 �LQWDNHMO� \�3 �OM\�� ����
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7DEOH �� &DOFXODWHG LQWDNHV

,QWDNH GDWH0 3 �LQWDNH� O �� 0 3 �OM\� 3 �LQWDNHMO� \�(�[MO� \�(�[�MO� \�
�������� � ����� L\V ����� ������ ������ ����� �����

L\P ����� ������ ������ ����� �����
L\O ����� ������ ������ ����� ����
LZV ����� ����� ������ ����� �����
LZP ����� ������ ������ ����� �����
LZO ����� ������ ������ ����� �����
LHH ����� ������ ������ ����� �����

�������� � ����� L\V ����� ������ ������ ����� ����
L\P ����� ������ ������ ����� �����
L\O ����� ������ ������ ����� ����
LZV ����� ������ ������ ����� �����
LZP ����� ������ ������ ����� �����
LZO ����� ������ ������ ����� �����
LHH ����� ������ ������ ����� �����
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LZV ����� ������ � ����� ���
LZP ����� ������ � ����� �����
LZO ����� ������ � ����� �����
LHH ����� �����(��� ������ ����� �����
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6LPLODUO\� LI 'O GHQRWHV D GRVH FRQYHUVLRQ IDFWRU �IRU H[DPSOH� UHODWLQJ LQWDNH [
WR &('( IRU LQWDNH W\SH O�� WKHQ WKH %D\HVLDQ SRVWHULRU DYHUDJH GRVH G DQG LWV
VWDQGDUG GHYLDWLRQ DUH JLYHQ E\

G  
;
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'O(�[MO� \�3 �OM\� ����
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:H QRWH IURP 7DEOH � WKDW WKH pUVW LQWDNH KDV D SUREDELOLW\ RI RQO\ ���� DQG
VR LW PLJKW EH FRQVLGHUHG PDUJLQDO� 6HWWLQJ WKH OLPLWLQJ LQWDNH SUREDELOLW\ WR
D KLJKHU YDOXH VXFK DV ��� UDWKHU WKDQ ��� ZRXOG HOLPLQDWH WKLV LQWDNH� 7KH
RWKHU WZR LQWDNHV DUH TXLWH SUREDEOH� ZLWK SUREDELOLWLHV RI QHDUO\ ��
7R FRPSDUH RXU LQWHUSUHWDWLRQ RI WKLV GDWD ZLWK WKH FXUUHQW ?VWDQGDUG�

PHWKRG LV SUREOHPDWLFDO� VLQFH WKH ?VWDQGDUG� PHWKRG LV KLJKO\ VXEMHFWLYH� )RU
H[DPSOH� WKH IRXUWK GDWD SRLQW LV ��� VWDQGDUG GHYLDWLRQV IURP ]HUR� DQG DQ
LQWHUQDO GRVLPHWULVW PLJKW DVVRFLDWH WKLV GDWD SRLQW ZLWK DQ LQWDNH LQ WKH WLPH
LQWHUYDO SUHFHGLQJ WKLV KLJK GDWD SRLQW� +RZHYHU RXU DOJRULWKP VKRZV OHVV WKDQ
�� SUREDELOLW\ WKDW WKLV LV WKH FDVH �LI WKH OLPLWLQJ SUREDELOLW\ IRU DQ LQWDNH LV
WDNHQ DV ��� DQ LQWDNH VWLOO LV QRW FDOFXODWHG LQ WKLV LQWHUYDO�� $OVR WKH VHFRQG
LQWDNH� LQYROYLQJ GDWD SRLQWV �� DQG ��� PLJKW EH RYHUORRNHG� HYHQ WKRXJK RXU
DQDO\VLV VKRZV LW WR EH TXLWH SUREDEOH�
2EYLRXVO\ LQWHUQDO GRVLPHWU\ LV QRW D SUHFLVH VFLHQFH� ,W LV RXU LQWHQWLRQ

WR PRYH LW PRUH LQ WKH GLUHFWLRQ RI VFLHQFH UDWKHU WKDQ DUW� $Q DGYDQWDJH RI
RXU DSSURDFK LV WKDW LW LV ?DOJRULWKPLF� ZLWK VWDWHG SDUDPHWHUV� 6XEMHFWLYLW\
DQG SURIHVVLRQDO MXGJPHQW �?DUW�� WKHQ EHFRPH H[SOLFLW LQ WKH FKRLFH RI WKHVH
SDUDPHWHU YDOXHV�
:H SODQ WR XQGHUWDNH 0RQWH &DUOR VWXGLHV RI WKH DFFXUDF\ RI WKH XQIROGLQJ

DOJRULWKP XVLQJ VLPXODWHG GDWD IRU YDULRXV DVVXPHG LQWDNH VFHQDULRV� :H WKHQ
ZLOO EH DEOH WR VWDWH WKH DFFXUDF\ RI WKLV DSSURDFK DQG LQYHVWLJDWH WKH VHQVLWLYLW\
WR FKRLFH RI SDUDPHWHUV�

& $SSHQGL[�0 XOWLSOLFDWLYH IDFWRU WR H[SU HVV XQ�

FHU WDLQW\

7KH VLWXDWLRQ FDQ DULVH ZKHUH DQ LQWDNH LV NQRZQ ZLWK KLJK SUREDELOLW\ WR KDYH
RFFXUUHG� ZKLOH WKH DVVRFLDWHG GRVH LV YHU\ XQFHUWDLQ� $V DQ DOWHUQDWLYH WR
H[SUHVVLQJ D UHVXOW UHIHUULQJ WR D SRVLWLYH TXDQWLW\ OLNH GRVH DV

[h �� ����

ZKHUH � PD\ H[FHHG [� ZH FDQ H[SUHVV XQFHUWDLQWLHV DV D PXOWLSOLFDWLYH IDFWRU� $
VLPSOH ZD\ WR GR WKLV LV WR DVVXPH WKDW WKH GLVWULEXWLRQ RI WKH SRVLWLYH TXDQWLW\
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[ LV DSSUR[LPDWHO\ ORJ QRUPDO� ZLWK VWDQGDUG GHYLDWLRQ RI WKH ORJV JLYHQ E\ �O
DQG PHDQ z� ,Q WHUPV RI WKHVH SDUDPHWHUV� WKH PHDQ DQG VWDQGDUG GHYLDWLRQ
DUH JLYHQ E\ >��@
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7KXV DQ LQGLFDWLRQ RI WKH XQFHUWDLQW\ RI [ PLJKW EH H[SUHVVHG DV dfIOQ� ZKHUH

IOQ  H[S��O�  H[S
S
ORJ�� � �� [���� ����

5HIHU HQFHV

>�@ %� 3� &DUOLQ DQG 7� $� /RXLV� %D\HV DQG (PSLULFDO %D\HV 0HWKRV IRU 'DWD

$QDO\VLV� &KDSPDQ DQG +DOO� /RQGRQ� �����

>�@ &RGH RI )HGHUDO 5HJXODWLRQV ��� SDUW ���� 2rFH RI WKH )HGHUDO 5HJLVWHU�
�����

>�@ -� +� 'LHO DQG -� $� 0HZKLQQH\� )UDJPHQWDWLRQ RI LQKDOHG ���SXR� SDUWLFOHV
LQ OXQJ� +HDOWK 3K\V�� ������^���� �����

>�@ 3� :� 'XUELQ� 5DGLRELRORJ\ RI 3OXWRQLXP� FKDSWHU 3OXWRQLXP LQ 0DQ� $
1HZ /RRN DW WKH 2OG 'DWD� 7KH -� :� 3UHVV� ����� (GLWHG E\ %� -� 6WRYHU
DQG :� 6� 6� -HH�

>�@ &� :� *HDU� 1XPHULFDO ,QLWLDO 9DOXH 3UREOHP LQ 2UGLQDU\ 'LoHUHQWLDO

(TXDWLRQV� 3UHQWLFH +DOO� �����

>�@ :� 5� *LONV� 6� 5LFKDUGVRQ� DQG '� -� 6SLHJHOKDOWHU� 0DUNRY &KDLQ 0RQWH

&DUOR LQ 3UDFWLFH� &KDSPDQ DQG +DOO� 1HZ <RUN� �����

>�@ 5� $� *XLOPHWWH� :� &� *ULrWK� DQG $�:� +LFNPDQ� ,QWDNH $VVHVVPHQW IRU
:RUNHUV :KR +DYH ,QKDOHG 3OXWRQLXP ��� $HURVROV� 5DGLDWLRQ 3URWHFWLRQ

'RVLPHWU\� ��� �����

>�@ $� :� +LFNPDQ� :� &� *ULrWK� *� 6� 5RHVVOHU� DQG 5� $� *XLOPHWWH�
$SSOLFDWLRQ RI D &DQLQH ���3X %LRNLQHWLFV�'RVLPHWU\ 0RGHO WR +XPDQ
'RVLPHWU\ 'DWD� +HDOWK 3K\VLFV� ������^���� �����

>�@ $� &� +LQGPDUVK� /62'(� ����� /DZUHQFH /LYHUPRUH 1DWLRQDO /DERUDWRU\
FRPSXWHU SURJUDP�

>��@ ,&53� 5HFRPPHQGDWLRQV RI WKH ,QWHUQDWLRQDO &RPPLVVLRQ RQ 5DGLRORJL�

FDO 3URWHFWLRQ� /LPLWV IRU ,QWDNHV RI 5DGLRQXFOLGHV E\ :RUNHUV� YROXPH ��
3HUJDPRQ� 2[IRUG� ����� ,&53 �� SDUW ��
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>��@ 6� 5� -RQHV� 'HULYDWLRQ DQG 9DOLGDWLRQ RI D 8ULQDU\ ([FUHWLRQ )XQFWLRQ IRU
3OXWRQLXP $SSOLFDEOH 2YHU 7HQV RI <HDUV 3RVW 8SWDNH� 5DGLDWLRQ 3URWHF�

WLRQ 'RVLPHWU\� ��� �����

>��@ :� +� /DQJKDP� 6� +� %DVVHW� 3� 6� +DUULV� DQG 5� (� &DUWHU� 'LVWULEXWLRQ
DQG ([FUHWLRQ RI 3OXWRQLXP $GPLQLVWHUHG ,QWUDYHQHRXVO\ WR 0DQ� +HDOWK
3K\VLFV� SDJHV �^��� �����

>��@ -� 1� 3� /DZUHQFH� 384)8$� $Q ,%0 ��� &RGH IRU &RPSXWLQJ 3OXWRQLXP
%RG\ %XUGHQV� +HDOWK 3K\VLFV� ����� �����

>��@ -� $� 0HZKLQQH\ DQG -� +� 'LHO� 5HWHQWLRQ RI LQKDOHG ���SXR� LQ EHDJOHV�
$ PHFKDQLVWLF DSSURDFK WR GHVFULSWLRQ� +HDOWK 3K\V�� �����^��� �����

>��@ *� 0LOOHU DQG -� 'LHO� ����� XQSXEOLVKHG�

>��@ *� 0LOOHU DQG :� &� ,QNUHW� %D\HVLDQ 0D[LPXP 3RVWHULRU 3UREDELOLW\
0HWKRG )RU ,QWHUSUHWLQJ 3OXWRQLXP 8ULQDO\VLV 'DWD� 5DGLDWLRQ 3URWHFWLRQ

'RVLPHWU\� ������^���� �����

>��@ *� 0LOOHU DQG :� &� ,QNUHW� %D\HVLDQ 0HWKRGV )RU ,QWHUSUHWLQJ 3OXWRQLXP
8ULQDO\VLV 'DWD� ,Q 0D[LPXP (QWURS\ DQG %D\HVLDQ 0HWKRGV� 6DQWD )H�

1HZ 0H[LFR� ����� SDJHV ���^���� %RVWRQ� ����� .OXZHU $FDGHPLF 3XE�
OLVKHUV�

>��@ :� '� 0RVV� (� (� &DPSEHOO� +� )� 6FKXOWH� DQG *� /� 7LHWMHQ� $ 6WXG\ RI
WKH 9DULDWLRQV )RXQG LQ 3OXWRQLXP 8ULQDU\ 'DWD� +HDOWK 3K\VLFV� �������
�����

>��@ ,QWHUQDWLRQ &RPPLVVLRQ RQ 5DGLRORJLFDO 3URWHFWLRQ� 5HFRPPHQGDWLRQV RI
WKH ,QWHUQDWLRQDO &RPPLVVLRQ RQ 5DGLRORJLFDO 3URWHFWLRQ� ,QGLYLGXDO 0RQL�

WRULQJ IRU ,QWDNHV RI 5DGLRQXFOLGHV E\ :RUNHUV� 'HVLJQ DQG ,QWHUSUHWDWLRQ�
YROXPH �� RI $QQDOV RI WKH ,&53� 3HUJDPRQ 3UHVV� 2[IRUG� ����� ,&53
3XEOLFDWLRQ ���

>��@ ,QWHUQDWLRQDO &RPPLVVLRQ RQ 5DGLRORJLFDO 3URWHFWLRQ� +XPDQ UHVSLUDWRU\

7UDFW 0RGHO IRU 5DGLRORJLFDO 3URWHFWLRQ� $QQDOV RI WKH ,&53� 3HUJDPRQ
3UHVV� 1HZ <RUN� ����� ,&53 3XEOLFDWLRQ ���

>��@ 9� 5RWKVFKLOG DQG 1� /RJRWKHWLV� 3UREDELOLW\ 'LVWULEXWLRQV� -RKQ :LOH\
DQG 6RQV� 1HZ <RUN� �����

>��@ -� 6NLOOLQJ� HGLWRU� 0D[LPXP (QWURS\ DQG %D\HVLDQ 0HWKRGV� .OXZHU $FD�
GHPLF 3XEOLVKHUV� 'RUGUHFKW� 7KH 1HWKHUODQGV� �����

>��@ '� /� 6WUHQJH� 5� $� .HQQHG\� 0� -� 6XOD� DQG -� 5� -RKQVRQ� &RGH IRU
,QWHUQDO 'RVLPHWU\� �&,1'< 9HUVLRQ ����� 3DUW ,� &RQFHSWXDO 5HSUHVHQWD�
WLRQ� 7HFKQLFDO 5HSRUW 8�6�'�2�(�� 31/����� 3W �� 5HY� �� 8&����� 3DFLpF
1RUWKZHVW /DERUDWRULHV� �����
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>��@ 0� -� 6XOD� (� +� &DUDEXJK� DQG '� (� %LKO� 7HFKQLFDO %DVLV IRU ,QWHUQDO
'RVLPHWU\ DW +DQIRUG� 7HFKQLFDO 5HSRUW 31/����� 5HY ���8&����� 3DFLpF
1RUWKZHVW /DERUDWRU\� �����

>��@ /� 7LHUQH\� 0DUNRY &KDLQV IRU ([SORULQJ 3RVWHULRU 'LVWULEXWLRQV� 7KH

$QQDOV RI 6WDWLVWLFV� �������� �����

>��@ 5� &�:DUG DQG .� )� (FNHUPDQ� '26(;357^$ %LRDVVD\ 'RVLPHWU\ &RGH
IRU 0DUWLQ 0DULHWWD (QHUJ\ 6\VWHPV� ,QF� 7HFKQLFDO 5HSRUW 251/�70�
������ 2DN 5LGJH 1DWLRQDO /DERUDWRU\� �����
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